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ConcentrationAbstract Present paper deals with analysis of mass transfer in two dimensional magnetohydrody-
namic (MHD) slip ﬂow of an incompressible, electrically conducting, viscous and steady ﬂow of
alumina water nanoﬂuid in the presence of magnetic ﬁeld over a ﬂat plate. The governing equations
representing ﬂow are transformed into a set of simultaneous ordinary differential equations by
using appropriate similarity transformation. The set of equations thus obtained has been solved
using adaptive Runge–Kutta method with shooting technique. The effects of solutal Grashof num-
ber and Schmidt number on velocity distribution proﬁle, concentration proﬁle, shear stress and con-
centration gradient have depicted graphically and analyzed. It is found that the concentration
increases and concentration gradient decreases with increasing value of solutal Grashof number.
Also, the concentration decreases with an increase in Schmidt number.
ª 2015 Faculty of Engineering, Alexandria University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
Xuan [1] studied mass transfer in binary nanoﬂuids and found
that the nanoparticles improved the mass transfer inside binary
nanoﬂuids. Bhattacharyya [2] studied the boundary layer ﬂow
over a porous ﬂat plate with diffusion of chemically reactive
species undergoing ﬁrst order reaction and subject to suc-
tion/injection. The author found that for increasing of suction
at the plate both velocity and concentration boundary layer
thicknesses decrease and for increasing injection both thick-
nesses increase. The rate of solute transfer from the plate
increases with reaction rate parameter and power-lawexponent. Sridhara and Satapathy [3] made review to summa-
rize recent developments in research on the stability of
nanoﬂuids, enhancement of thermal conductivity, viscosity
and heat transfer characteristics of alumina based nanoﬂuids.
Uddin et al. [4] investigated the steady laminar combined con-
vective ﬂow with heat and mass transfer of a Newtonian vis-
cous incompressible ﬂuid over a permeable ﬂat plate with
linear hydrodynamic and thermal slips. The effects of various
parameters were investigated and presented graphically. Pang
et al. [5] studied the mass transfer enhancement by binary
nanoﬂuids for bubble absorption process. The results were
shown that the mass transfer enhancement with coolant is
more than compared to without coolant. Kumar et al. [6] stud-
ied MHD ﬂow and heat transfer along a porous ﬂat plate in
the presence of mass transfer. The results were obtained for
velocity, temperature and concentration proﬁles of the ﬂow
ﬁeld and shown graphically. Rout et al. [7] investigated the
Nomenclature
B magnetic ﬁeld
Gc solutal Grashof number
g gravitational acceleration
L reference length
M magnetic parameter
Sc Schmidt number
u1 uniform velocity at inﬁnity
u, v velocity components in x and y direction
x, y coordinate axes
vsf velocity slip factor
ðbsÞnf solutal expansion coefﬁcient
c velocity slip parameter
qf density of water
qnf nanoﬂuid density
qs density of alumina particles
rnf electrical conductivity of nanoﬂuid
lnf dynamic viscosity of nanoﬂuid
; volume fraction of nanoparticles
w stream function
tnf kinematic viscosity of nanoﬂuid
x sphericity
Table 1 Nanoﬂuid properties.
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384 P. Singh, M. Kumarinﬂuence of chemical reaction and the combined effects of
internal heat generation and a convective boundary condition
on the laminar boundary layer MHD heat and mass transfer
ﬂow over a moving vertical ﬂat plate. The discussion was
focused on the physical interpretation of the results as well
as their comparison with past studies. Steady laminar natural
convection ﬂow over a semi-inﬁnite moving vertical plate with
internal heat generation and convective surface boundary con-
dition in the presence of thermal radiation, viscous dissipation
and chemical reaction analyzed by Ibrahim and Reddy [8].
Authors utilized similarity variable to transform the governing
nonlinear partial differential equations into a system of ordi-
nary differential equations. Gangadhar et al. [9] studied the
hydromagnetic boundary layer ﬂow with heat and mass trans-
fer over a vertical plate in the presence of magnetic ﬁeld, chem-
ical reaction and a convective heat exchange at the surface
using similarity transformation.
The present investigation deals with analysis of mass trans-
fer in MHD slip ﬂow of an incompressible, steady, electrically
conducting and viscous alumina-water nanoﬂuid in the pres-
ence of magnetic ﬁeld over a ﬂat plate.
2. Mathematical description
The physical model is given here along with ﬂow conﬁguration
and coordinate system (Fig. 1). The system deals with two
dimensional MHD boundary layer slip ﬂow of water based
nanoﬂuid. The continuity, momentum and concentration
equations representing ﬂow are following:
@u
@x
þ @v
@y
¼ 0 ð1Þu
v
C
0B
y
u
wC
x
Figure 1 Physical model of the ﬂow.u
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u1  uð Þ þ g bsð ÞnfðC C1Þ ð2Þ
u
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@x
þ v @C
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¼ Dnf @
2C
@y2
ð3Þ
With the boundary conditions:
u ¼ vsf @u
@y
; v ¼ 0 and C ¼ CW ¼ C1 þ C0xk at y ¼ 0
ðon the wall of the plateÞ
u! u1 and C! C1 when y!1 ðfar from the wallÞ
ð4Þ
Here, vsf ¼ v0
ﬃﬃﬃﬃﬃﬃ
u1x
tnf
q 
is velocity slip factor with initial value v0
(see Tables 1 and 2).
3. Method for solution
To solve the governing Eqs. (2) and (3) with the boundary con-
ditions (4), following similarity transformation has been
introduced:
w ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃu1tnfxp fðgÞ; g ¼ y
x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
xu1
tnf
r
; vðgÞ ¼ C C1
Cw  C1 ;
M ¼ rxB
2
u1qnf
andDynamic viscosity [10] lnf ¼ lf= 1 ;ð Þ
Density [11] qnf ¼ 1 ;ð Þqf þ ;qs
Mass diﬀusivity [12] Dnf ¼ ð1 ;ÞDf
Kinematic viscosity [13] tnf ¼ lnf=qnf
Table 2 The physical properties of alumina and base ﬂuid
water at 20 C.
Density
(kg/m3)
Dynamic viscosity
(N s/m2)
Mass diﬀusivity
(m2/sec)
Water 1000.52 0.001002 0.0000242
Alumina 3970.0 – –
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g bsð ÞnfðCwC1Þx3
t2nf
; Re¼ xu1
tnf
where B¼ B0ﬃﬃﬃ
x
p ; Sc¼ tnf
Dnf
where B0 is constant and the stream function w satisﬁes Eq. (1)
with u ¼ @w
@y
and v ¼  @w
@x
.
Eqs. (2) and (3) reduce to the non-linear differential equa-
tions using above transformation as follows:
f 000ðgÞ þ 1
2
fðgÞf 00ðgÞ þM 1 f 0ðgÞð Þ þ ðGc=Re2ÞvðgÞ ¼ 0 ð5Þ
v 00ðgÞ þ 1
2
ScfðgÞv 0ðgÞ ¼ 0 ð6Þ
and the boundary conditions (4) reduce as follows:
fð0Þ ¼ 0; f 0ð0Þ ¼ cf 00ð0Þ and vð0Þ ¼ 1
f 0ðgÞ ! 1 and vðgÞ ! 0 when g!1 ð7Þ
Here c ¼ V0u1tnf is the velocity slip parameter with initial value
V0.
To solve the non-linear differential Eqs. (5) and (6) subject
to the boundary conditions (7) adaptive Runge–Kutta method
with shooting technique has been applied. This method is
based on the discretization of the problem domain and the cal-
culation of unknown boundary conditions. The domain of the
problem is discretized and the boundary conditions for g ¼ 1
are replaced by f 0 gmaxð Þ ¼ 1 and h gmaxð Þ ¼ 0 where gmax isTable 3 Values of f 00ð0Þ, and v 0ð0Þ obtained.
Parameters f 00ð0Þ v 0ð0Þ
Schmidt number (Sc)
½c ¼ 0:1; m ¼ 0:5; Gc ¼ 0:1, Re = 1]
0.1 0.8305 0.1591
0.3 0.8146 0.2541
0.5 0.8068 0.3131
0.7 0.8015 0.3588
1.0 0.7962 0.4127
Solutal Grashof Number ðGcÞ
½c ¼ 0:1; m ¼ 0:5; Sc ¼ 0:1, Re = 1]
0.0 0.7228 0.3050
0.2 0.8879 0.3211
0.5 1.1216 0.3408
0.7 1.2701 0.3525
1.0 1.4831 0.3685
Table 4 Physical parameters for Al2O3 Nanoﬂuid at 20C.
Vol. Fr. / Density ð103Þqnf Dynamic viscosity lnf Kinematic v
0.00 1.0005200 0.0010020000 1.001479230
0.01 1.0302148 0.0010274950 0.997360009
0.02 1.0599096 0.0010539075 0.994337243
0.03 1.0896044 0.0010812805 0.992360656
0.04 1.1192992 0.0011096592 0.991387515
0.05 1.1489940 0.0011390917 0.991381813
0.06 1.1786888 0.0011696288 0.992313570
0.07 1.2083836 0.0012013245 0.994158265
0.08 1.2380784 0.0012342358 0.996896351
0.09 1.2677732 0.0012684233 1.000512857
0.10 1.2974680 0.0013039515 1.004997062sufﬁciently large value of g at which the boundary conditions
(7) for fðgÞ are satisﬁed. The nonlinear Eqs. (5) and (6) ﬁrst
converted into ﬁrst order ordinary linear differential equations
as follows:
f 0ðgÞ ¼ yð2Þ; f 00ðgÞ ¼ yð3Þ;
f 000ðgÞ ¼  1
2
yð1Þyð3Þ M 1 yð2Þf g  ðGc=Re2Þyð4Þ
 
;
v 0 ¼ yð5Þ; v 00ðgÞ ¼  1
2
Scyð1Þyð5Þ
 
There are three conditions on the boundary g ¼ 0 and two
conditions at g!1. To get the solution of the problem two
more initial conditions have been found by shooting technique.
The value of unknowns f 00ð0Þ and h 0ð0Þ at which solution
agrees with the prescribed boundary conditions (7) has been
tabulated in Table 3. Adaptive Runge–Kutta method estimates
the truncation error at each integration step and automatically
adjusts the step size to keep the error within prescribed limits.
The formula used to measure the actual conservative error is
deﬁned by eðhÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
5
P5
i¼1E
2
i ðhÞ
q
here EiðhÞ is the measure of
error in the dependent variable yi. Per-step error control is
achieved by adjusting the increment h by hiþ1 ¼
0:9hiðe=eðhiÞÞ1=5; i ¼ 1; 2; 3; 4; 5 so that it is approximately
equal to the prescribed tolerance e ¼ 106. The assumed initial
step size is h ¼ 0:01.
4. Results and discussion
The numerical computations have been made for velocity,
shear stress, concentration and concentration gradient proﬁles
and other parameters involved in the ﬂow. Table 4 contains the
values of physical parameters corresponding to volume frac-
tion of the alumina water nanoﬂuid. The mass diffusivity of
the nanoﬂuid decreases and the Schmidt number increases as
volume fraction increases. The results have depicted graphi-
cally and their physical explanations have also been given cor-
responding to different values of solutal Grashof number and
Schmidt number.
Figs. 2–5 exhibit the velocity, shear stress, concentration
and concentration gradient proﬁles respectively for various
values of solutal Grashof number. The solutal Grashof num-
ber deﬁnes the ratio of the species buoyancy force to the vis-
cous force. It is noticed that the velocity increases with aniscosity tnf Mass diﬀusivityð104ÞDnf Schmidt number ð104ÞSc
7 0.2420000 4.1383439289
0 0.2395800 4.1629518700
6 0.2371600 4.1926852912
0 0.2347400 4.2274885236
5 0.2323200 4.2673360690
0 0.2299000 4.3122305917
5 0.2274800 4.3622013829
6 0.2250600 4.4173032331
1 0.2226400 4.4776156625
1 0.2202200 4.5432424718
7 0.2178000 4.6143115828
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Figure 2 Effect of solutal Grashof number on velocity proﬁle.
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Figure 3 Effect of solutal Grashof number on Shear stress
proﬁle.
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Figure 4 Effect of solutal Grashof number on concentration
proﬁle.
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Figure 5 Effect of solutal Grashof number on concentration
gradient proﬁle.
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Figure 6 Effect of Schmidt number on velocity proﬁle.
386 P. Singh, M. Kumarincrease in the Grashof number and the shear stress increases
up to g ¼ 1:80266667 and then decreases asymptotically as
solutal Grashof number increases. The concentration increases
and concentration gradient proﬁle decreases with an increase
in the solutal Grashof number as shown in Figs. 4 and 5.
Figs. 6–9 show the effect of Schmidt number on velocity, shear
stress, concentration and concentration gradient proﬁles
respectively. Schmidt number is used to characterize ﬂuid ﬂow
in which there are simultaneous momentum and mass diffu-
sion process. It physically relates the relative thickness of the
hydrodynamic layer and mass transfer boundary layer. It has
been observed that the velocity decreases with an increase in
the Schmidt number as shown in Fig. 6, and shear stress pro-
ﬁles decreases up to g ¼ 2:28666667 with an increase in the
Schmidt number and then increases asymptotically. The effect
of Schmidt number on concentration and concentration gradi-
ent has also been studied through Figs. 8 and 9. It is noticed
that the concentration decreases with an increase in the
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Figure 7 Effect of Schmidt number on shear stress proﬁle.
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Figure 8 Effect of Schmidt number on concentration proﬁle.
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Figure 9 Effect of Schmidt number on concentration gradient
proﬁle.
Mass transfer in MHD ﬂow of alumina water nanoﬂuid 387Schmidt number and concentration gradient decreases up to
g ¼ 2:64 as the value of Schmidt number increases and then
shows the opposite behavior.5. Conclusion
Mass transfer in an electrically conducting nanoﬂuid over a
ﬂat plate with magnetic ﬁeld under slip condition is considered.
The non-linear partial differential equations are transformed
into a system of ordinary differential equations by using simi-
larity transformation and then solved numerically using the
ﬁfth order Runge–Kutta method along with the shooting tech-
nique. From the numerical computation of wall shear stress
and wall concentration gradient it is concluded that.
 An increase in solutal Grashof number decreases the con-
centration gradient but enhances the velocity and concen-
tration. The shear stress increases up to a ﬁxed value of
solutal Grashof number and after that it decreases.
 For the Schmidt number, velocity shows the opposite
behavior to the concentration. It is concluded that the con-
centration gradient decreases up to some ﬁxed range of
Schmidt number and then increases asymptotically.
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